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Simple Time-Varying Copula Estimation

Wolfgang Aussenegg and Christian Cech

Abstract

This article examines the ability of time-varying Gaussian and Student ¢ copulas
to accurately predict the probability of joint extreme co-movements in stock index
returns. Using a sample of more than 20 years of daily return observations of the Eu-
rostoxx 50 and Dow Jones Industrial 30 stock indices, Gaussian and Student ¢ cop-
ulas are calibrated daily on a rolling window of the 250 most recent observations.
We do not make assumptions on the functional form of the marginal distributions.
Thus, the focus remains on the examination of the appropriateness of the two types
of copulas. One of our findings is that there are time periods when the assumption
of a Gaussian copula seems to be accurate and when the hypothesis of a Gaussian
copula cannot be rejected in favor of a Student ¢ copula. In other time periods, the
hypothesis of a Gaussian copula can be rejected, as it underestimates the probability
of joint extreme co-movements. This time periods of joint extreme co-movements
are typically associated with a higher volatility environment and higher correlations
between stock index returns. In applying a hit test to examine the ability of both
copulas to predict the probability of joint strongly negative returns of both indices,
we reject the null hypothesis of a Gaussian copula while the null hypothesis of a
Student ¢ copula cannot be rejected.

1 Introduction

Most models that assess daily market risk of financial portfolios like, e.g., RiskMet-
rics (see [29]) assume a multivariate Gaussian distribution of the risk factor changes
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like, e.g., returns on stocks, commodities, zero-coupon-bonds, etc. Assuming a mul-
tivariate Gaussian distribution allows a parsimonious modeling of joint risk factor
changes as their multivariate joint distribution is completely described by a vector
of expected changes and the variance-covariance matrix, respectively a vector of the
variances of the univariate risk factor changes and their correlation matrix.

Empirical evidence has shown, however, that very often daily asset returns are
leptokurtic, displaying ‘heavy tails’. This means that extreme deviations from the
expected returns are more likely than implied by a normal distribution. References
[26] and [8] were amongst the first to report deviations from normality for univariate
return time series in the 1960s. More recent studies are, e.g., [2], [14], [16], [23],
[24], [28], and [31]. Risk measures such as the one-day value-at-risk (VaR) or con-
ditional value-at-risk (CVaR) for single instruments are typically underestimated if
they are computed on the assumption of normally distributed risk factor changes
while indeed they are leptokurtic. Approaches using more general distributions like
the generalized hyperbolic distribution or one of its sub families such as the Nor-
mal Inverse Gaussian (see, e.g., [1]) or the Skewed ¢ distribution (see, e.g., [13])
more accurately model single risk factors changes and can be used to overcome this
problem.

Another important aspect when assessing the risk of financial portfolios is the
dependence structure (the copula) between the risk factor changes. In a Gaussian
world, i.e., assuming multivariate normality, this dependence structure is entirely
defined by the correlation matrix. Empirical research, however, shows that the prob-
ability of extreme joint co-movements of risk factors, in particular the probability
of joint excessive negative returns, is higher than implied by a Gaussian copula (i.e.,
by the dependence structure of a multivariate Gaussian distribution). Assuming a
Gaussian copula, while the true copula assigns a higher probability mass to joint
extreme movements also leads to an underestimation of risk measures. The Student
t copula is a generalization of a Gaussian copula that assigns a higher probability
mass to joint extreme movements than the latter and is a potential alternative to the
Gaussian copula if a higher probability of joint extreme co-movements exists.

Most empirical studies on the dependence structure of market risk factor changes
find that the goodness-of-fit of a Student ¢ copula is superior to that of a Gaussian
copula. Amongst these studies are, e.g., [27], [17], [6], [21], [5], [4], and [19]. Other
studies, like, e.g., [30], [10], [18], [20], and [15] state that the Gaussian copula seems
inappropriate to model the observed higher probability of extreme co-movements
or find other copulas with a superior fit as compared to the Gaussian copula. Only
few articles cannot reject the null hypothesis of the Gaussian copula being the true
copula ([25]), or state that the Gaussian copula seems suitable to model financial
time series returns ([9]).

The above-mentioned studies either employ the whole data-sample to calibrate
various copulas and asses their goodness-of-fit or use conditional copulas to allow
for time-varying copula parameters. This paper takes a different, more simple ap-
proach to allow for time-varying copulas by using a rolling window of 250 trading
days for calibration. This corresponds to the (minimum) amount of trading days that
financial institutions are required to use when calibrating their market risk models,
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according to the regulations for market risk of the Basel I and II treaties. Both a
Gaussian and a Student ¢ copula are calibrated on a daily basis.

One of the main advantages of a Student 7 copula as compared to other non-
Gaussian copulas (like, e.g., Archimedean copulas) is that it is very flexible in its
‘standard’ version. It allows modeling both negative and positive dependencies and
permits a ‘reasonable’ modeling of multivariate dependence for dimensions higher
than two, as the dependence of pairs of random variables can be modeled individu-
ally. Moreover, the concept of a Student 7 copula will be well understood in practice,
as it has a correlation matrix as one of its parameters—exactly like a Gaussian cop-
ula. Additionally, it has a further scalar parameter, the degrees of freedom Vv that
determine the probability of joint extreme movements. The lower the parameter v,
the higher is the probability of such extreme events.

The data base used in this article consists of daily returns of the Eurostoxx 50
and the Dow Jones Industrial 30 index from January 2nd 1987 to January 11th,
2008. Using the 250 most recent return observations, both a Gaussian and a Student
t copula are calibrated for every single trading day. Finally, a hit test is used to
examine the accuracy of the predicted probability of joint extreme co-movements.

Our paper extends prior research in several ways. First, our copula estimation
procedure reveals the existence of ‘calm’ and ‘stormy’ times. In some ‘calm’ periods
Gaussian copulas seem to be justifiable, whereas this is not the case in more ‘stormy’
periods. Second, our analysis shows that when using a ‘setup’ that is currently used
in market risk management departments of many financial institutions (i.e., a rolling
window of 250 trading days as estimation basis) using a Student ¢ copula is very
promising.

Third, using (always) the last 250 trading days to calibrate copulas is a very sim-
ple and easily implemented procedure (especially in relation to conditional copulas)
and generates in addition good results for Student ¢ copulas.

Fourth, we are documenting that a Gaussian copula is not (always) appropriate
as it tends to underestimate the probability of extreme co-movements. This is an
important fact, as the Gaussian copula is implicitly contained in many market risk
models due to the assumption of a multivariate normal distribution.

Fifth, we show that periods with a higher probability of joint extreme co-
movements tend to coincide with time periods of higher volatility in the market.
During such periods also the correlation between our index returns tends to be higher
and Student ¢ copulas are much more appropriate than Gaussian copulas.

And finally, our simple standard Student ¢ copula approach has the advantage
over other copulas (e.g. Archimedean copulas) and over other estimation techniques
(e.g. pair-copulas or vines) that it can be interpreted more easily by practitioners.
Our (simple) Student ¢ copula approach generates two parameters: (i) a correlation
matrix that can be interpreted like in a Gaussian world, and (ii) a degrees of freedom
parameter controlling the probability of joint extreme co-movements.

Overall, we document that the risk management process in financial institutions
can be improved by our easily implementable time-varying Student ¢ copula ap-
proach.
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The remainder of the paper is structured as follows. Section 2 gives a short intro-
duction to copulas and the corresponding parameter estimation process. Section 3
describes our database and presents additional methodological issues in calibrating
our copula models. The main empirical results are revealed in section 4 followed by
concluding remarks in section 5.

2 Copula Approaches and Parameter Estimation

In the context of market risk measurement, copula approaches allow to decompose
the modeling of multivariate joint distributions of risk factor changes into two sepa-
rate steps: First, the modeling of the univariate risk factor changes on the one hand,
and second, the modeling of their dependence structure, or copula, on the other
hand. Copulas are functions that combine or couple (univariate) marginal distribu-
tions to a multivariate joint distribution. Sklar’s theorem states that a n-dimensional
joint distribution function F(x) where x = (x,x3,...,%,) may be expressed in
terms of the joint distribution’s copula C and its marginal distribution functions
F,F, ... F,as

F(x) =C(Fi(x1),2(x2),...,Fa(xn)), xeR". (D)

The copula function C is by itself a multivariate distribution with uniform
marginal distributions on the interval U; = [0,1], C: U] — Uj.

In this paper we restrict ourselves to two elliptical copulas, the Gaussian cop-
ula and the Student ¢ copula. The Gaussian copula is the copula that is implied by
a multivariate Gaussian distribution. Any multivariate Gaussian distribution can be
regarded as a set of univariate Gaussian distributions that are coupled with a Gaus-
sian copula. Gaussian copulas are completely defined by only one parameter, the
correlation matrix P (‘capital Rho”). Student ¢ copulas are a generalization of Gaus-
sian copulas and correspond to the dependence structure implied by a multivariate
Student ¢ distribution. In addition to the correlation matrix P they have an additional
scalar parameter v, the degrees of freedom. This parameter controls the probabil-
ity mass assigned to extreme joint co-movements of risk factor changes. Student ¢
copulas assign a higher probability to joint extreme co-movements as compared to
Gaussian copulas, the lower the parameter v. A Student ¢t copula with degrees of
freedom limiting towards infinity, v — oo, corresponds to a Gaussian copula.’

The Student ¢ copula seems a natural candidate in a first step to improve the
calibration of models of joint return distributions of assets. It can be used in very
much the same manner as a Gaussian copula, which nowadays is implicitly assumed
by most market risk models as they often assume multivariate normality. Further-
more, the Student ¢ copula will be well understood by practitioners that have already
worked with models assuming multivariate normality, as the familiar notion of the

! For more information on Student ¢ copulas see, e.g., [7].



Simple Time-Varying Copula Estimation 5

correlation matrix is pertained and only one additional parameter is introduced.’
This is in contrast to other widely used copulas in finance like, e.g., the BB1 copula
and its two special cases, the Clayton and Gumbel copula. Their copula parameters
cannot be interpreted in a similar way as those of the Student ¢ or Gaussian copula.
They are also less flexible in their ‘standard’ version as far as the modeling of higher
dimensional dependence structures (more than two dimensions) is concerned. Here,
more advanced approaches like nested copula constructions or pair-copula construc-
tions (also referred to as vines) seem advisable (for a review of these models see,
e.g., [3]).

Our copula parameters are estimated from the empirical return observations using
the pseudo-log-likelihood method (see, e.g., [12]). In this approach, no assumptions
on the specific functional form of the marginal distributions have to be made. Be-
fore conducting a maximum likelihood estimation, the empirical joint observations
& = (R14,%24,. ., %y, ), t € {1,2,...,T}, are transformed into so-called pseudo-
observations &, = (41,824, .., 0nys,)

A I v
Uit = m a lfi.sﬁ)?i_t ) (2)
s=1
where 1y, <3, is an indicator function that takes a value of 1 if £;; < £;, and a value
of 0 otherwise. Employing these pseudo-observations, the copula parameters are
estimated via maximum likelihood estimation.

The pseudo-log likelihood approach nowadays is the most commonly used
method as it achieves a better fit than methods that use correlation measures such as
Kendall’s tau or Spearman’s rho to estimate the copula parameters (see, e.g., [11]).
Another widely used method is the so-called IFM (Inference Function for Margins)
method. The drawback of this approach is that the functional forms of the marginal
distributions have to be assumed. [32] conduct a simulation study to assess the im-
pact of misspecified marginal distributions and find that the errors for the copula
parameter estimates can be very large if the marginal distributions are misspecified.

3 Data and Methodology

The data base consists of daily observations of the Eurostoxx 50 and the Dow Jones
Industrial 30 stock indices from January 1%, 1987 to January 11%, 2008. Figure 1
shows the evolution of the two indices over this 22-year period. Figure 2 displays the
corresponding daily index returns for both indices. Visually, one can see that both
indices contemporaneously experienced times with high (especially 1987, 1997 to
2003) and low (especially 1993 to 1996, 2004 to 2006) volatility.

2 Note however that the elements of a Student ¢ copula parameter P, will generally slightly differ
from the elements of a Gaussian copula parameter P when the copulas are calibrated on the same
data. Furthermore, a correlation of zero does not imply independence in the case of a Student ¢
copula.
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Fig. 1 This figure presents the history of the Eurostoxx 50 (left axis, black, log-scale) and the Dow
Jones Industrial 30 (right axis, grey, log-scale) indices from January 1987 until January 2008. The
graph shows an upward trend and indicates periods with lower and periods with higher volatility.

daily Eurostoxx 50 returns
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daily DJI 100 returns

Fig. 2 This figure reveals the returns of the Eurostoxx 50 (top) and Dow Jones Industrial 30 (bot-
tom) from January 1987 until January 2008.

Figure 3 reveals the daily returns of both indices in a scatter plot. Apparently, ex-
treme returns tend to occur simultaneously, e.g., on ‘Black Monday’ (October 19th,
1987), the days thereafter, during the Asian-Crisis in October 1997, the Russian
Crisis in autumn 1998, or 9/11.

We use a rolling window of 250 index returns—roughly corresponding to one
trading year—to estimate both the copula parameter pg for a Gaussian copula and
the parameters p, and v for a Student ¢ copula for each of the 5,240 trading days
from December 18", 1987 to January 111, 2008.3

As mentioned in the previous section, the Student 7 copula parameter V is
small when the data used to calibrate the copulas contains more joint extreme co-
movements than implied by a Gaussian copula. And v is large when the dependence
structure between both index returns resembles a Gaussian copula. Reference [27]

3 The parameters pg and p; represent the (1, 2)- and (2, 1)-elements of the two-dimensional copula
parameter matrices Pg and P; , respectively. The diagonal elements of these matrices are 1.
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states, that Student ¢ and Gaussian copulas are very similar for v greater than 100.
The calibration of a Student ¢ copula (in contrast to that of a Gaussian copula) takes
a much longer time as two parameters have to be estimated simultaneously in a
maximum likelihood estimation that requires numerical optimization. This is par-
ticularly true when the parameter v is large. Hence we use the following algorithm
to calibrate Student ¢ copulas:

1. Calibrate only the parameter v and use the Gaussian copula parameter p; as a
proxy for p;.

2. If v > 100, set v = 100 and calibrate the parameter p,. We may interpret this
Student 7 copula as a (quasi-) Gaussian copula.

3. If v < 100, simultaneously calibrate the parameters v and p;. Use pg and v
obtained in step 1 as starting values.

This algorithm helps to speed up the calibration process considerably. Still, the
calibration of a Student ¢ copula on average takes 358 times as long as that of a
Gaussian copula.*

4 Empirical Results

In the following two subsections we present main results of our copula parameter
estimates and the hit test.

4 The calibration on 250 empirical return observations on average takes 0.006 seconds for the
Gaussian copula and 2.121 seconds for the Student # copula on a ‘standard’ personal computer.
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4.1 Gaussian and Student t Copula Parameter Estimates

Figure 4 displays the time-series of the estimates of the Student ¢ copula param-
eter p; (‘the correlation’ between the two index returns)® and the Student ¢ cop-
ula parameter v (the degrees of freedom). One can observe that the correlation p;
varies substantially over time, taking on values between 0.119 (in 1994) and 0.677
(in 2003). Concerning the parameter v, we can also observe substantial variability:
there appear to be times, when the true copula seems to be a Gaussian copula as v
exceeds 100. In these time periods, ranging from July to October 1989, September
1994 to February 1996 and from March to July 2005, we are not able to reject the
hypothesis of a Gaussian copula in favor of a Student ¢ copula, as no high probability
of joint extreme co-movements is observed in the calibration data of the preceding
trading year. In other periods like, e.g., from mid December 1987 to October 1988,
from August 1990 to October 1992, from September 2001 to March 2004, or from
July 2006 to June 2007 the estimate of the Student ¢ copula parameter v is lower
than 5. Hence the calibration data in these periods contain return observations that
display a higher probability of joint extreme co-movements compared to a Gaussian
copula. Using a likelihood ratio test, the null hypothesis of a Gaussian copula can
be rejected in favor of a Student ¢ copula in 50.5% (66.4%) of the trading days at
the 1% (5%) significance level.

07
100 Py
Ve

90 06

0
88 89 90 91 92 93 94 95 9 97 98 99 00 0L 02 03 04 05 06 07 08
time axis

Fig. 4 This figure shows the evolution of the Student # copula parameters v (degrees of freedom,
left axis, black) and the ‘correlation’ parameter p; (right axis, gray)

We further investigate whether there is a relationship between the magnitude of
the parameter v and the prevailing return volatility of both stock indices. Figure
5 displays the time-series of the annualized 250 day moving-average volatilities
of the Eurostoxx 50 (6F"°%%%) and the Dow Jones Industrial 30 indices (o>'),
respectively. Using linear regression, we are analyzing the following models:

5 The Student ¢ copula parameter p, is not identical to the Gaussian copula parameter p, , however
they are of similar size. The mean absolute deviation between the two parameters amounts to
0.0126.
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Model 1: v, = By+ B2 1 gD 4 g, 3)

Model 2: v, = Bo+ B (67" + 6" + ¢ “4)
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Fig. 5 This figure shows the evolution of the annualized 250-day moving average volatilities of
the Eurostoxx 50 and the Dow Jones Industrial 30 index returns, assuming 250 trading days per
annum

The results of the regression analysis of both models are displayed in table 1.
They indicate that there is a negative relationship between the prevailing volatility
of the stock indices and the copula parameter v, (degrees of freedom). The lower
the volatility, the higher v; tends to be. In both models, all coefficients and the over-
all F-tests are statistically significant at the 1% significance level. The adjusted R?
goodness-of-fit measure amounts to roughly 11.5%.°

Figure 6 reveals a scatter plot of the degrees of freedom Vv, and the regressor of
model 2, (of"8%  gPM) . One can identify visually that estimates of v, exceed-
ing 100—indicating that the copula is a (quasi-) Gaussian copula—only occur when
the return volatility of both stock indices is low.

Finally, we also investigate the relationship between the ‘correlation parameter’
pr and the degrees of freedom v;, employing the following model

Model 3: v, = Bo+Biprs+ & . &)

The results for model 3 in table 1 document a negative relationship between the
correlation parameter p, and the degrees of freedom parameter v;. This negative

6 In employing corresponding quadratic and cubic regressions, the adjusted R? could be augmented
for model 1 to 17.5% and 21.8%, respectively, and for model 2 to 17.9% and 22.2%, respectively.
The essential statement of a significant negative relationship between volatility and the Student ¢
copula parameter V; (degrees of freedom) remains unchanged, however.
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Table 1 The Student 7 copula parameter V; (degrees of freedom) is used as dependent variable. The
independent variables are, in model 1 the volatility (daily standard deviation, estimated using the
past 250 daily index returns) of the Eurostoxx 50 and the Dow Jones Industrial 30 (see equation 3),
in model 2 the combined volatility (sum of the daily standard deviation of both indices, estimated
using the past 250 daily index returns) of the Eurostoxx 50 and the Dow Jones Industrial 30 (see
equation 4), and in model 3 the Student ¢ copula parameter p; (estimated using the past 250 daily
index returns) of the Eurostoxx 50 and the Dow Jones Industrial 30 (see equation 5). Coefficients
significant at the 1%-level are marked bold.

Model 1 independent variables coefficient t-value p-value
Constant 39.84 39.365 0.000
Standard Deviation Eurostoxx 50 -89.29 -11.401 0.000
Standard Deviation Dow Jones Industrial 30 -56.66 -6.322 0.000
F-value 340.82 0.000

adjusted R-squared: 11.5%; number of observations: 5,240

Model 2 independent variables coefficient t-value p-value
Constant 39.87 39.389 0.000
SD: Eurostoxx 50 + Dow Jones Industrial 30 -74.21 -26.018 0.000
F-value 676.94 0.000

adjusted R-squared: 11.4%; number of observations: 5,240

Model 3 independent variables coefficient t-value p-value
Constant 30.94 28.088 0.000
‘Correlation’ parameter p, -43.17 -15.109 0.000
F-value 228.27 0.000

adjusted R-squared: 4.2%; number of observations: 5,240

relationship is also visible in figure 7. Again, all coefficients and the overall F-test
are statistically significant at the 1% significance level (see table 1).’

To summarize, we find that there are time periods of ‘calm’ markets as far as joint
extreme returns are concerned, where the assumption of a Gaussian copula seems
appropriate and other ‘stormy’ time periods with an increased probability of joint
extreme co-movements. The time periods of ‘calm’ markets in the sense of a low
probability of joint extreme co-movements tend to coincide with time periods when
the stock index returns’ volatility and the correlation between the index returns is
low.

7 In employing corresponding quadratic and cubic regressions, the adjusted R? could be augmented
to 5.4% and 5.9%, respectively.
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4.2 Hit Test

Having calibrated both a Gaussian and a Student ¢ copula for every single of the
5,240 trading days we are now interested in how good the two copulas can predict
the probability of joint extreme negative returns of the two stock indices. Does it
suffice to use the Gaussian copula or is it recommendable to use the more general
and more complex Student ¢ copula?
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To answer this question we conduct a hit test. For every single trading day we use
both the calibrated Gaussian and Student ¢ copulas, Cg and C;, to find the variables
ug and u; such that

Cg(ug,ug) = 0.01 and Ci(ug,u) =0.01 . (6)

How may the values of ug and u; be interpreted? Consider their values obtained
for the first trading day on which the copulas are calibrated, December 18%, 1987.
ug takes a value of 0.0561 for that day while u, takes a value of 0.0389. Recall
that the probability that the Dow Jones Industrial 30 index return and the Eurostoxx
50 index return are, individually, below their 5.61%-quantile amounts to 5.61%.
Assuming that the Gaussian copula is the true copula we can expect that with a 1%
probability both index returns will be jointly below their 5.61%-quantiles. Assuming
that the Student 7 copula is the true copula, we can expect that with a 1% probability
both index returns will be below their 3.89%-quantile. From this example it can
be seen how the Student ¢ copula assigns a higher probability to joint extremely
negative returns as the 3.89%-quantiles of both index return distributions are below
their 5.61%-quantiles.

To inspect the obtained results of ug and u,, we also employ an alternative
method that is purely based on the 250 most recent return pseudo-observations
(equation 2) of both indices. As the data base consists of 250 observations, we know
that the pseudo-observations will take values ranging from 1/251 to 250/251. In or-
der to find the ‘empirical u’, ug, we employ the following algorithm: Starting with a
value of i = 1/251, we increment by steps of 1/251 until we observe (based on our
250 pairs of pseudo-observations) that

P(ﬁEurosloxx < g/\ﬁDJI S IZ) = CE (ﬂaﬂ) 2 0.01 ) (7)

where Cg is the empirical copula. We know that Cg (i1 — 1/251,i— 1/251) < 0.01
and may hence approximate ur using linear interpolation:

o1 gl ( ( 1 1))
Ug =u——7——+ — — — X001 =Cg|id—z=,i0— =—— .
251 Cg(i,i) — Cg (il — 557,00 — 557) 251 25(18)

Figure 8 displays the estimates of ug, u; and ug over the course of time. We can
observe that ug exceeds 1. u, takes on values that range from 55.2% (when Vv is
small) to 99.13% (when vV is large) of ug. On average, the value of u; is 77.7% of
the value of ug. We can also observe that ug varies substantially over time, however
it is of similar magnitude as ug and ;. On the top of figure 8 there are three lines
with cross-markers. They indicate whether the observed returns of both indices are
jointly below their ug-, ;- and ug-quantiles for day ¢, respectively. The top line
indicates whether both index returns are below their ug-quantiles, the line below
whether they are both below their u;-quantiles and the third line whether they are
below their ug-quantiles. The quantiles of the indices were computed as empirical
quantiles of the 250 returns from ¢ — 250 to ¢ — 1, using linear interpolation.
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Fig. 8 This figure shows the joint return quantile for a confidence level of 1%, i.e. the joint return
quantile that both indices fall on the next trading day below this return-quantile with a probability
of 1%. ug is the return quantile in using a Gaussian copula, ¥, the corresponding return quantile for
the Student ¢ copula, and ug, is the corresponding empirical return quantile. Example: On December
18™, 1987, ug takes a value of 0.0561 and u;, takes a value of 0.0424. Assuming that the Gaussian
copula is the true copula, we expect that with a 1% probability both index returns will be jointly
below their 5.61%-quantiles. Assuming that the Student # copula is the true copula we expect that
with a 1% probability both returns will be jointly below their 4.24%-quantiles. Every ‘x’ (at the
top of the graph) represents a trading day on that the realized return of both indices is below the
estimated threshold for that trading day (first line for u (Gaussian copula return quantile), second
line for u, (Student ¢ copula return quantile), and the third line for ug (empirical return quantile)).

If the model is correctly specified, we expect the index returns to be jointly below
the thresholds in 1% of the days on average. To formally test the goodness-of-fit of
the two models, i.e., the Gaussian copula model and the Student ¢ copula model, we
conduct a Kupiec hit test ([22]) that tests the null hypothesis of a correct model spec-
ification. The Kupiec test compares the number of exceptions (in the present article
the number of times that both index returns are jointly below their u-quantiles) to the
number of exceptions that one would expect if the models were correctly specified,
i.e., 5,240 x 0.01 = 52.4 exceptions.

Table 2 displays in the first column the number of exceptions that can be observed
for the Gaussian and Student ¢ copula, as well as the number of exceptions for the
‘empirical «’. For all three models, the number of observed exceptions is higher
than the number one would expect for a correctly specified model. The second and
third cloumns of table 2 contain the Kupiec test statistic LR and the corresponding
p-value (i.e., the probability of committing a type 1 error if the null hypothesis of a
correctly specified model is rejected). This null hypothesis cannot be rejected at any
conventional statistical significance level for the model based on the Student ¢ cop-
ula, while it can be rejected for the simple empirical model presented in equation 8 at
the 5%-significance level and for the Gaussian copula model at the 1%-significance
level.
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Table 2 This table presents the number of exceptions, the Kupiec test statistic LR, and the cor-
responding probabilities of committing a type I error (p-value), if the null hypothesis of a correct
model specification is rejected. For our total number of 5,240 trading days we would expect about
52 exceptions for a probability of 1% (i.e. a 1% probability that both indices fall below the esti-
mated threshold for the corresponding trading day).

Kupiec Test
# exceptions LR p-value

Gaussian copula 83 15.33 0.000
Student ¢ copula 60 1.06 0.302

‘empirical’ approach 68 429 0.038

These findings are in line with the empirical literature on the goodness-of-fit of
a Gaussian copula, that suggest that the Gaussian copula underestimates the proba-
bility of joint extreme co-movements.

5 Conclusion

This article examines the ability of Gaussian and Student 7 copulas to predict the
probability of joint extreme financial returns. Using more than 5,000 daily return
observations of the Eurostoxx 50 and Dow Jones Industrial 30 stock indices, time-
varying Gaussian and Student ¢ copulas are calibrated on a rolling window of the
250 most recent return observations.

One finding of this article is that there are times when the assumption of a Gaus-
sian copula seems to be adequate, while there are other ‘stormy’ times when the
hypothesis of a Gaussian copula has to be rejected in favor of a Student 7 copula. A
multivariate analysis reveals that a Gaussian copula tends to be especially inappro-
priate in periods of higher volatility and when index returns are to a greater extent
correlated.

A hit test shows that the Gaussian copula underestimates the probability of joint
strongly negative returns of both indices. The hypothesis that the Gaussian copula
accurately predicts the probability of joint strongly negative returns can be rejected
at the 1% significance level, while for the Student 7 copula this hypothesis cannot
be rejected.

Hence, the Student ¢ copula seems a promising first step to improve market risk
models such that the probability of joint co-movements of risk factor changes can
be accurately modeled, while it will be well understood by practitioners that already
know how to interpret correlation matrices.
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